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Tables of E(h,z), C(h,z), §h,z)
by
Richard B, Mack and Evelyn W. Mack
Gordon McKay Laboratory, Harvard University

Cambridge, Massachusetts

Introduction
The three functions

h/\ -j2nR .sznz
-JBR 1
E(h,z) = § -‘—éP—- dg' -S {' + 2 } ds',
-h o Ii1 lit’!

h h/\ " -jenR -JZsz
-JpR 1
C(h,z) = S cos fz' '.'—J!:_— dz' 'S cos 2re' {' : + 2 : }dl'l
1 2

-5 ]

h _JBR h/\ -J2nR, -J2nR,
S(h. ) = i I deg! = in 2n2! i + . e dg!'
) :S; -nplzi—T ) So sin 2nz { ﬁ'l ﬁz } e,

have wide applications in the theory of linear antennas [1,2] . In such applica-
tions the symbols have the following meanings:

h = antenna half-length

p = —zx"--, A = wavelength

z = distance along the antenna

-l-
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R = /(. - ..')z + bz » b = distance between the element center

in an array of antennas

K, =i -epf e min?

b » a, the antenna radius, for single
' antennas

-

+(b/n)e

K, =/(e/x +2))

Although these functions can be expressed in terms of the generalized
sine and cosine integrals which are tabulated [3], the calculations required for
numerical evaluations are very tedious. The object of the present table is to
tabulate E(h,z), C(h,z), and S(h,z) directly for a useful but not exhaustive set
of parameters and with sufficient accuracy for most applications. The table
was calculated at The Computation Center, Massachusetts Institute of
Technology, on an International Business Machine 704 computer, and was
principally the byproduct of the computation of impedances and current distribu.
tions of circular an. na arrays.

Arrlng:o ment of Tables

Values of the integrals applicable to a single antenna are given in the first
six pages of the table for six different antenna radii, a/\. Each value of a/\
corresponds to 1 = 10 for one of the six h/\'s , where

2h
ﬂ-Zln —r

'
For each value of a/\ the integrals are tabulated at constant a/\ for all

six values of h/\. The complete set of R's corresponding to the various
combinations of a/\ and h/\ is given in the Table of R.

Throughout the table the integrals have been computed for h/\ ranging
from 1/8 to 3/4 in steps of !/8, or ph = -}(f—)—?— . For each h/\, the
range of z/\ is from 0 to h/\ in steps of 1!3‘ or Pz = O(r/8)ph. The
values of b/\ go from 1/8 to 5 in steps of 1/16, and from 5to 10 in steps
of 1/8, pb = () 5, 5( 10.
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Calculation Procedure and Accuracy

For computational purposes the integrals were written in the second
form above. The kernels were separated into their real and imaginary
par's, evaluated directly for an appropriate number of z''s; and integrated
nurnerically by the use of Simpson's Rule. In this instance an odd number

of evenly spaced points were chosen, so Simpson's Rule as applied here may
be stated as follows:

8
Let I = g‘ f(y) dy
r

N + 1 = number of points at which the integrand is evaluated
h = internal size

then
I'T{Yr+yl+4- gl T¥e g 3o Yoy

+z(yr+2+yr+4"' yl-Z)}

The interval sizes in this table were selected to give five decimal place
accuracy for 5.053461 x 10°3 < b/N €10.0. Tha interval size used for
b/\ = 3,368974 x 10'3 yielded an accuracy of + .00002, and that used for
b/N = 1,684487 x 10" ylelded an accuracy of + .0002 . In the two smallest
b/\'s,accuracy was sacrificed to keep the required computer time to a
reasonable amount. The actual interval sizes used are listed below,

Az’ range of h/\
32552083 x 10°° 1684487 x 107> < b/\ < 1,684487 x 1073
65104166 x 1073 3.368974 x 10°2 < b/x < 5053461 x 1073

-3

1.3020833 x 10 6.737947 x 102 < b/\ < 01106921

. 015625 125 < b/x € 10,0
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The error was determined by obtaining the integrals at the given
intervai size and at double the given interval sizes and comparing results,.
(1f Il = result obtained using the given interval size and Iz = rosult
obtained using double the given interval size [4¢] ,

IZ-Il
a:"—-Ts——- . )
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=5
" " - " % ~r
a/\ 2 2 .2 2 - =
] L) N : : W
e < =
2 = $ ¥ g 3
3 2 2 3 ] 2
-] (5] o [ 1: -t
h/\ = - " ° -] 9:
1/8 10 8.6138 7.8093 7.2274 6.7812 6.4165
1/4 11,386 10 9.1891 8.6138 8.1674 7.8028
/8 12, 197 10.811 10 9. 4246 8.9784 8.6138
1/2 12,773 11,386 10,575 10 9.5537 9.1891
5/8 13, 164 11. 833 11,022 10, 446 10 9.6354
3/4 13. 584 12,197 11,386 10.811 10,366 10

Table of 1
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